Existing models of ligand-receptor binding kinetics suggest that clustering surface-associated molecules tends to decrease the rates with which solution phase molecules associate and dissociate. Here, the authors use kinetic Monte Carlo simulations to study the case of an enzyme catalyzing the turnover of substrate molecules immobilized on a surface. The simulations reveal a crossover in the overall reaction rates for randomly distributed and clustered substrate molecules as the enzyme unbinding rate is varied. Approximate expressions for the effective kinetic parameters are introduced, and they show that the observed behavior derives from sequestration of the enzyme in the strong-sticking limit.
I. INTRODUCTION
Surface-based assays to probe ligand-receptor interactions are becoming increasingly prevalent. Recent theoretical work in this area has focused on how transport of molecules influences measured kinetic parameters.
1-3 These studies build on an extensive body of literature on diffusioncontrolled binding of a monovalent ligand to cell-surface receptors, which goes back to the study of Berg and Purcell. 4, 5 They showed that competition between sites tends to decrease the rate of association per receptor; Erickson et al. 6 validated this quantitative prediction experimentally for the association of 2,4-dinitrophenyl aminocaproyl-L-tyrosine to monoclonal immunoglobulin E anchored to its high affinity receptor on rat basophilic leukemia cells.
Although surface-associated molecules are typically free to diffuse laterally, as in the study of Erickson et al., 6 or are immobilized in a homogeneous ͑or randomly heterogeneous͒ fashion, as in the study of He et al., 3 they can also now be patterned by chemical means. [7] [8] [9] In principle, the latter such systems, which in some cases can be controlled dynamically, can be used to probe the kinetics of binding and reaction in much greater detail. [10] [11] [12] [13] However, improvements in the currently existing quantitative kinetic models of receptor clustering are required to interpret surface-assay data because the existing theories for diffusion-controlled association and dissociation rates do not account for possible state changes of receptors and the actual spatial distribution of immobilized molecules within the clusters on the chip surface.
In this article, we consider the case in which ligand binding can result in a change of state of the receptor, which includes the example of an enzyme catalyzing reactions involving immobilized substrate molecules. For such a system, we compare the rate of turnover of randomly distributed immobilized molecules with that of clustered ones using a lattice Monte Carlo approach. The simulations show that a crossover in the relative kinetics for these two cases is obtained as the on and off rates for the ligand-receptor interactions are varied, which had not been appreciated previously. To better understand the physical basis for this behavior, we also construct an effective spatially homogeneous reaction system, in which the effective rate parameters are derived in terms of the elementary rate parameters in the lattice simulations. The reaction system is then solved using a stochastic algorithm that accounts for the discrete nature of the enzyme.
II. BASIC MODEL
The specific ligand-receptor scheme that we consider is representative of the case in which an enzyme ͑E͒ in solution binds to immobilized substrate molecules ͑S͒ and converts them into products ͑P͒. This process can be broken into the following steps:
͑1͒
where k t and k −t are the rate constants for the enzyme to encounter and escape the molecules to which it binds, k x and k −x are the elementary rate constants for binding and unbinding, and k cat is the rate constant for catalysis. Consistent with a catalytic scheme, we assume that the enzyme is in low copy number in comparison with the total number of reactant and product molecules and that it is fully functional following its release. Although chemical back reaction is not considered, the product can bind and inhibit the enzyme. Generally, substrate and product molecules do not have the same kinetic parameters for binding. Here, we take them to be the same in order to limit the number of parameters in the model. The essential physics does not depend on this simplification. In the limit that the catalytic turnover rate is negligible compared with the association and dissociation rates, this enzymatic scheme reduces to simpler ones for monovalent binding studied previously. 4,14 a͒ 
III. MONTE CARLO SIMULATIONS
To compare the kinetics of reaction of randomly immobilized and clustered substrate molecules, we simulate the dynamics of a lattice model with a continuous time Monte Carlo algorithm. [15] [16] [17] 
A. Model
The surface is represented by the z = 0 plane of a 100 ϫ 100ϫ 100 simple cubic lattice. Periodic boundary conditions were applied in x and y and reflecting ones in z. Immobilized substrate molecules were placed either randomly or in square clusters of 25 molecules each ͑which in turn were randomly distributed͒ in the z = 1 plane ͑as shown schematically in Fig. 1͒ . Thus the enzyme can penetrate the layer which contains the substrate molecules. Unless otherwise specified, the total number of substrate molecules in the system was 200.
At the start of each simulation, a single enzyme molecule was introduced at a random position on the lattice. When free, the enzyme could bind any nearest-neighbor substrate or product molecule with rate k x = 100.0 s −1 or hop to any unoccupied nearest-neighbor position with rate constant k h = 100.0 s −1 . This value of k h yields a diffusion coefficient of 15͑lattice units͒ 2 s −1 , as calculated from the average of the displacement squared as a function of time in the absence of competing processes. This number is somewhat lower than k h /2d, where d = 3 is the dimension, due to restrictions of motion at the surface and the upper limit in z. Because the enzyme was allowed to penetrate the z = 1 plane, an isolated immobilized molecule had five faces accessible for binding. When bound, the enzyme could unbind with a rate in the range 0.01ഛ k −x ഛ 100.0 s −1 as specified below. In the event that the molecule to which the enzyme was bound was a reactant, it could be converted to a product with rate k cat = 100.0 s −1 . At each step, all possible moves were determined, and the corresponding rates ͑k i , i indexed from 1 to the number of possible moves͒ were summed to obtain the total extent of reaction ͑k tot ͒. The move with index j satisfying
was selected and the time was advanced by
where r and rЈ were random numbers independently chosen with uniform probability from the interval ͓0,1͒.
B. Results
To determine how the kinetics of elementary binding and unbinding processes impacts the overall rate of catalytic turnover, we varied the ratio k −x / k x over four orders of magnitude. When the unbinding and binding rates were comparable ͑k −x / k x =1͒ the randomly distributed substrate molecules are converted more quickly than the clustered ones ͓Fig. 2͑a͔͒. This behavior was obtained in previous studies. 5, 6, 18 Physically, the overall reaction rate is limited by association to form the enzyme-substrate complex, and overlap of the encounter complex volumes of spatially adjacent substrate molecules lowers the rate in the clustered case.
As the ratio k −x / k x decreases, a qualitatively different picture emerges. The turnover rate in both the randomly distributed and clustered cases decreases, but that in the randomly distributed case does so to a greater extent ͓Fig. 2͑b͔͒. To determine the value of k −x / k x at which this crossover in relative rates occurs, we plot the percentage of product formed in the clustered case at the time when 50% of the 
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Nag, Zhao, and Dinner J. Chem. Phys. 126, 035103 ͑2007͒ randomly distributed substrate molecules had reacted on average ͑Fig. 3͒. We find that the transition is at k −x Ϸ 0.02 s −1 for k x = 100.0 s −1 . To verify that the results were robust to the choice of parameters, we varied each in turn with the remainder fixed at the values given above. Quantitatively similar behavior was observed for 10.0ഛ k cat ഛ 1000.0 s −1 , 10.0ഛ k h ഛ 100.0 s −1 , and 75.0ഛ k x ഛ 1000.0 s −1 . As above, the difference in rates between the randomly distributed and clustered cases derives from the fact that substrate molecules without nearest neighbors have five exposed reactive faces while substrate molecules inside square clusters have between one and three. The change in behavior results from the fact that unbinding from product molecules becomes rate limiting in the case of k −x / k x Ӷ 1. Due to the greater exposed area of product molecules in the randomly distributed case, the surface appears stickier than in the clustered case, and the search for reactant molecules is slowed to a greater extent. To the best of our knowledge, this kinetic scenario has not been treated in previous theories.
IV. THEORY
It is desirable to describe the simulation behavior analytically to illuminate the basic physics and make connection with earlier theoretical work on the kinetics of association with molecules in clusters. 5 However, the fact that the crossover in rates results from sequestration of the ͑discrete͒ enzyme precludes mean-field approaches. Here, we introduce effective association and dissociation rate constants per substrate molecule ͑k a and k d , respectively͒ in a cluster of size n and transform the spatially inhomogeneous lattice model into a homogeneous reaction system:
where the subscript j denotes the cluster to which immobilized molecules belong; k cat is the same as in Eq. ͑1͒. Below, we provide physical arguments that enable us to relate the effective rate parameters k a and k d to the elementary rate parameters in the lattice model. The spatially homogeneous master equation is then solved using the standard form of the Gillespie algorithm.
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A. Effective kinetic parameters
Comparison of Eqs. ͑1͒ and ͑4͒ shows that the effective rate k a ͑k d ͒ involves diffusional encounter ͑separation͒ and binding ͑unbinding͒. To estimate these parameters, we follow the standard approach 5, 19, 20 and assume that encounter and binding can be treated separately. In that approximation, the time for association to a single molecule on the surface is simply the sum of the times required for the elementary steps:
where k + is the Smoluchowski rate for diffusional encounter and k on is the rate of binding at the reaction interface. The dissociation constant follows immediately from detailed balance:
where k off is the microscopic unbinding rate. Generalization to a situation in which a single enzyme binds to a cluster of n noninterfering such species is straightforward. Below, we denote rate constants for whole clusters by "͑n͒" to distinguish them from those for individual molecules ͑which can be in clusters͒. A suitable form for k + ͑n͒ is used given the geometry of the cluster ͑discussed below͒, and k on ͑n͒ = nk on ; k off does not scale with n. As a result, we have the association and dissociation rates to a cluster of n substrates:
5,19,20
To adapt these equations to the case of interest in the present study, it is necessary to account carefully for three features: ͑1͒ packing in clusters decreases the reactive surface area of substrate molecules, ͑2͒ the geometry of clusters impacts the rate of diffusional encounter, and ͑3͒ the limited amount of enzyme. Below, we discuss each of these features in turn.
Packing effects
The clusters in the lattice model are closely packed such that part of the reactive area becomes inaccessible. Due to the cubic geometry, the average number of reactive faces per receptor a n in a cluster of size n can be obtained by simple counting: a n = ͑n + 4 ͱ n͒/n = 1 + 4/ ͱ n.
͑8͒
The binding rate constant ͑k on ͒ is proportional to this area:
where k x is the rate of binding at a single face, which is input to the lattice Monte Carlo simulation. No modification is needed for the unbinding rate:
Cluster geometry
The cluster geometry enters through the rate constant for diffusional encounter, k + . Exact expressions exist for simple shapes such as hemispheres ͑k + =2DR, where D is the diffusion constant and R is the radius͒ and circular disks ͑k + =4DR͒. 4, 5, 19 In the Monte Carlo simulations, the clusters are arranged in squares that rise above the surface. Consequently, we use the expression for circular disks with an equivalent exposed area:
where a n is given by Eq. ͑8͒.
Limited enzyme
Existing theories 4, 5, 19 implicitly consider the solution phase molecule to be in excess through the assumption of a steady-state flux. However, the enzyme interacts with only a few members of a cluster prior to dissociation in the lattice MC simulations ͑Table I͒. These considerations suggest that we use k on ͑n͒ = nk on rather than k on ͑n͒ = nk on , where n Ӷ n is the effective number of substrate molecules that the enzyme "sees" once it reaches the cluster from the bulk by diffusion. The parameter k + ͑n͒ remains as above since the full cluster size determines the rate of initial encounter. Replacing n with n in Eqs. ͑6͒ and ͑7͒, we obtain the following for the effective association and dissociation rates for a cluster of n substrate molecules:
Substituting Eqs. ͑8͒-͑11͒ into Eqs. ͑12͒ and ͑13͒, we can express the association, and dissociation rates for a cluster of size n ͓k a ͑n͒ and k d ͑n͒ ͔ in terms of the elementary rate parameters in the lattice model plus an effective parameter n. The corresponding rates per receptor in Eq. ͑4͒ are
In considering the above equations, it is important to keep in mind that k a is a bimolecular rate constant while k d is a unimolecular one. We estimated the parameter n in two ways. ͑1͒ We used the lattice simulations to count the average number of substrate molecules that the enzyme binds before dissociation from the cluster ͑taken to be 25 lattice spacings from the surface͒. ͑2͒ We used the average number of neighbors, weighted by their likelihood of being reached by diffusion. In other words, for each molecule in a cluster, we enumerate its neighbors as a function of separation; then, nearest neighbors are weighted by 1 / 6, next nearest neighbors by 1 / 6 2 , and so forth. The sum of these numbers and one for the initial encounter point is n. A weight of 1 / 6 rather than 1 / 4 was used because, in addition to being able to diffuse in five directions, the enzyme can stay in place. In considering this choice, it is important to keep in mind that the theory is ad hoc and thus is expected to be limited in its ability to quantitatively reproduce the simulated results in any case.
B. Results
As mentioned above, we use k a and k d as defined in Eqs. ͑14͒ and ͑15͒ in a spatially homogeneous procedure for solving the master equation represented by Eq. ͑4͒. Because molecular populations are in units of numbers of molecules rather than concentrations, it was necessary to multiply k a by a volume factor. 16 The results are summarized in Table I . Both estimates for n are much smaller than the actual cluster size; those from the lattice simulations are slightly larger due to the finite height cutoff ͑25 lattice spacings͒ invoked in the dissociation criteria, as compared to only 1 lattice spacing in the probabilistic counting. That n Ӷ n leads to the most important result in Table I . Namely, the effective dissociation increases with the actual cluster size n.
The increasing trend in k d predicted here is consistent with the underlying physics discussed previously in Sec. III B and thus reproduces the novel kinetic regime discovered in the lattice Monte Carlo simulations. Quantitatively, one can make a scaling ansatz n ϳ n ␣ ͑␣ ഛ 1͒. The exponent ␣ is a measure of the deviation from the mean field ͑␣ =1͒. Substituting this ansatz into Eqs. ͑14͒ and ͑15͒, we can see that k a is a decreasing function of n for all ␣. However, the xo denotes the value of k −x at which the overall rate of the randomly distributed case exceeds that of the clustered case. Each simulation involves one enzyme molecule and 200 substrate molecules enclosed in a reaction volume of 100ϫ 100ϫ 100 ͑lattice units͒ 3 . In the spatially explicit simulations, clusters were patterned as squares randomly distributed on the surface. In the spatially implicit simulations, the effect of clustering was incorporated through the k a and k d values. A simple Smoluchowski expression for cluster encounter gives ␣ =1/2 ͓k + ͑n͒ ϳ n 1/2 ͔. The estimated n in Table I shows an exponent of ␣ Ͻ 1 / 2, which results in the observed trend for k d . This result is in direct contrast to previous work 5 in which both the association rate and dissociation rate decreased with increasing cluster size. The difference derives from the fact that the continuum limit assumed previously becomes inadequate for treating the enzyme when it is in low copy number.
V. CONCLUSION
In the present study, we investigated how patterning substrate molecules for a reaction catalyzed by a monovalent enzyme impacts the overall rate of product formation. Lattice Monte Carlo simulations show that, as the rate for enzyme unbinding decreases relative to that for binding, there is a crossover in kinetic behavior from faster reaction in the randomly distributed case to faster reaction in the clustered case. This behavior was not observed previously because it derives from sequestration of the enzyme, which is difficult to capture in mean-field models. 5, 6, 18 Specifically, as the composition of the surface evolves, in the case that the release from product molecules is slow, the net rate of diffusion to reactant molecules decreases; this effective inhibition impacts the kinetics of systems with randomly distributed substrate molecules to a greater extent than clustered ones due to the relative amounts of exposed reactive areas in the two cases.
